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Introduction

I N 1925, Hohmann1 conjectured that the minimum-fuel
transfer between coplanar circular orbits in an inverse-

square gravitational field is the two-impulse elliptic transfer
that is tangent to both of the terminal circular orbits. The first
impulse inserts the vehicle into the transfer orbit, while the
second impulse circularizes the orbit at the final radius. Each
velocity change is parallel to the instantaneous velocity vector,
apparently resulting in the most fuel-efficient maneuver.

It was nearly 40 years before proofs of optimality among
the class of two-impulse transfers were given by Lawden,2
using the calculus of variations, and by Barrar.3 Proofs were
also provided by Hazelrigg4 using Green's Theorem, Marec5

by graphical construction, and Battin6 using Lagrange multi-
pliers. Most recently, Palmore7 presented an elementary proof
using ordinary calculus.

The Hohmann transfer itself is the easiest transfer orbit to
calculate all of the feasible conic transfer orbits (those which
intersect both circular terminal orbits and can therefore be
used for a two-impulse transfer.) The velocity changes can be
calculated by a scalar rather than vector velocity subtraction,
the semimajor axis of the transfer ellipse is just the arithmetic
mean of the circular terminal radii, and the transfer time is
simply half of the period of the transfer orbit. The irony is
that even though the Hohmann transfer is the easiest to calcu-
late, in order to prove its global optimality, one must compare
its fuel cost with all of the other feasible transfer orbits, which
are considerably more difficult to calculate.

In Palmore's proof, each possible transfer orbit is described
by two variables that are nonlinear functions of the parameter
(semilatus rectum) p and the eccentricity e. The boundaries of
the region of the (p,e) plane that contain feasible transfer or-
bits are then determined as relatively complicated curves and
the gradient of the characteristic velocity of the maneuver (the
sum of the velocity changes, representing the total fuel cost)
with respect to these variables is calculated in order to deter-
mine the constrained minimum.

The proof that follows is similar to Palmore's, but there are
two essential differences. First, the variables used are the
familiar parameter and eccentricity themselves, rather than
nonlinear functions of them. This results in the boundaries of
the feasible region in the (p,e) plane being simple straight
lines.

Second, whereas Palmore utilizes the gradient of the charac-
teristic velocity with respect to both variables, the current
proof requires only the (simpler) partial derivative of the char-
acteristic velocity with respect to the eccentricity.

Feasible Region
To determine the boundaries of the feasible region, one

utilizes the basic polar equation for a conic orbit:

r = /?/(! -I- e cos/) (1)
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Feasibility requires that the transfer orbit intersect both circu-
lar terminal orbits of radii rl and r2, where R = r2/r\ > 1 is
assumed regardless of which are the initial and final terminal
radii. Infeasible orbits are those for which either the periapse
lies outside the smaller terminal orbit or the apoapse lies inside
the larger terminal orbit. The conditions to be satisfied are
from Eq. (1):

(2)

(3)

(4)

(5)

ra = p/(l-e)>r2

Equations (2) and (3) can be rewritten as

p >r2(\ -e)

Each possible conic transfer orbit can be characterized by its
values of p and e and represented as a point in the (p ,e) plane.
The inequalities (4) and (5) define the region of feasible trans-
fers. As shown in Fig. 1, the boundaries of this region are
straight lines. The region of feasible transfer orbits contains
ellipses for 0 < e < 1, parabolas for e = 1, and hyperbolas
for e > 1, with all of the rectilinear conic orbits located at
point R for which e = 1 and p = 0.

Hohmann Transfer Optimality
The magnitude of a velocity change to depart or enter a cir-

cular orbit at r = rk where k - 1,2 is described by the law of
cosines as

(A*>)2 = (6)

where vc is circular orbit speed and ve is the component of the
velocity vector normal to the radius. Using conservation of
angular momentum, VQ = h/r = (jn/7)1/2/r, where h is the spe-
cific angular momentum of the orbit and n is the gravitational
parameter. In addition, from conservation of energy (the vis-
viva equation),

- (I/a)] (7)

where a is the semimajor axis, it follows that v2
c = p/r and,

using p = a(\ - e2),

(8)

The characteristic velocity is then

where A^ occurs at r = r\ and A*>2 occurs at r = r2. Thus Av in
Eq. (6) can be replaced by Ai>* corresponding to r = rk. If one
examines the gradient of the characteristic velocity with re-
spect to the eccentricity of the transfer orbit, one obtains

(9)

Fig. 1 Feasible circle-to-circle transfer orbits.
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and, from differentiating Eq. (6) using Eq. (8),

= 2vk (dvk/de) = 2e\i/p (10)
Thus

dAvT/de = (e/*/p)(A*>fl + A^'1) > 0 (11)

The fact that the partial derivative of the characteristic
velocity with respect to the eccentricity is positive means that
at any point (p,e) in the interior of the feasible region the
characteristic velocity can be decreased by decreasing the value
of e while holding the value of p constant. This means that the
minimum characteristic velocity will always lie on the cross-
hatched boundary of the feasible region given by the union of
ra = r2 and rp = r{ in Fig. 1.

What will be demonstrated is that when the characteristic
velocity is constrained to the boundary, its derivative with
respect to e remains positive. Thus the optimal solution lies at
the minimum value of e on the boundary, i.e., at point H in
Fig. 1, which represents the Hohmann transfer.

To do this, the expression for the characteristic velocity is
constrained to the boundary by substituting for the value of p
along each portion of the boundary, namely/? = r2(l - e) on
the left part (ra = r2) and p = r\(\ + e) on the right part
(Tp - n)« Thus the characteristic velocity becomes a function
of the single variable e. Letting A? denote the velocity change
constrained to the boundary, Eq. (6) becomes for the left part

<«>
Differentiating with respect to the single variable e and re-
calling that R = r2/ri > 1 and 0 < e < 1,

and

de
M [ 1 ,1= - ———— ij - 1 > 0
r 2 L( l -e ) / 2 J

(14)

and thus, similar to Eq. (11), dAvT/de > 0 on the left portion
of the boundary.

Similarly, on the right portion of the boundary,

(15)

Differentiating, one obtains

(16)

optimal impulsive transfer. A three-impulse bielliptic transfer
can always be found that has a lower cost, if the midcourse
impulse occurs sufficiently far outside the outer terminal or-
bit. For R greater than approximately 15.58, any bielliptic
transfer that has its midcourse impulse outside the outer termi-
nal orbit has a lower cost than the Hohmann transfer.2'6'8 The
major disadvantage of the bielliptic transfer is that the trans-
fer time is more than twice the Hohmann transfer time, while
the cost saving in the coplanar case is modest. In the noncopla-
nar case, the bielliptic transfer provides significant cost sav-
ings8 because the required plane change can be accomplished
at larger radius and therefore lower velocity.

There exists no optimal bielliptic transfer, but the infimum
of the bielliptic transfers is the biparabolic transfer, which is
the limiting case of the bielliptic transfer as the midcourse
impulse location tends to infinity. However, for all values of
R, the Hohmann transfer is the globally optimal two-impulse
transfer, based on the proof given above.

Concluding Remarks
The case of two-impulse transfer between coplanar circular

orbits is investigated. By using the familiar orbital elements,
eccentricity e and parameter (semilatus rectum) /?, the global
optimality of the Hohmann transfer among the class of two-
impulse transfers is proved using ordinary calculus. The proof
presented is simpler than existing proofs in the literature.
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Symptom of Payload-Induced
Flight Instability

and thus, dAi>T/de > 0 on the right portion of the boundary
also. Because the derivative of AvT with respect to the eccen-
tricity is positive at all points on the boundary, it follows that
the optimal solution lies at the point of minimum eccentricity
on the boundary, namely at point //in Fig. 1, representing the
Hohmann transfer. This proves the global optimality of the
Hohmann transfer among two-impulse transfers.

As mentioned by Edelbaum,8 for values of R greater than
approximately 11.94 (printed as 11.24 in Ref. 8 due to a typo-
graphical error), the Hohmann transfer is no longer the global
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Introduction
I HE angular motion of a projectile in flight can usually be
represented as the sum of two coning motions. The stabil-
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